Rules for integrands of the form (d x)" Pq[x] (a +bx" +cx*")?

1: | x"Pg[x"] (a+bx"+cx*")Pdx whenm-n+1=0

Derivation: Integration by substitution
Basis: x1 F[x"] == %Subst[F[x], X, X"] 9y x"
Rule:If m-n + 1 == 9, then

J-meq[xn] (a+bx"+cx2")pdlx — lSubst[qu[x] (a+bx+cx2)Pd]x, X, xn]
n

Program code:
Int[x_"m_.*xPq_=(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=

1/n%Subst [Int [SubstFor [x"n,Pq,X]* (a+bx*Xx+c*x"2) *p,x],X,X*n] /;
FreeQ[{a,b,c,m,n,p},x] & EqQ[n2,2xn] && PolyQ[Pq,x"n] & EqQ[Simplify[m-n+1],0]

2: J(dx)qu[x] (a+bx"+cx*")?dx whenpez*

Derivation: Algebraic expansion

Rule: If p € z*, then

J(dx)"‘Pq[x] (a+bx"+cx*")Pdx — JExpandIntegrand[(dx)mPq[x] (a+bx"+cx?")?, x] dx

Program code:

Int[(d_.*x_)"m_.xPq_=(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int [ExpandIntegrand[ (d*Xx) *mxPq* (a+bxx*n+c*x” (2xn) ) *p,x],x] /;
FreeQ[{a,b,c,d,m,n},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && IGtQ[p,9]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p 2

3: J(gx)"‘(d+ex“+fx“) (a+bx"+cx*")Pdx whenae (m+1) -bd (m+n (p+1) +1) =@ A af (m+1) ~cd(M+2n (p+1) +1) =0A m#-1

Rule:If ae (m+1) -bd (m+n (p+1) +1) =0 Aaf (m+1) -cd m+2n (p+1) +1) ==0A m+ -1,then

d (g x)™? (a+bxn +cx2")p+1

J(gx)’“ (drex"+£x*") (a+bx"+cx*")Pdx —
ag(m+1)

Program code:

Int[ (g %X ) M_.(d_+e_.*x_"n_.+F_.#x_"N2_.)* (a_+b_.*X_"n_.+C_.*Xx_"n2_.)" p_.,x_Symbol] :=
dx (g*Xx) A (m+1) * (a+bxX*n+cxx” (2xn) )~ (p+1) / (a*xg* (m+1)) /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && EqQ[n2,2xn] && EqQ[axex (m+1) -bxdx (m+nx (p+1)+1),0] && EqQ[axf# (m+1) -Cxdx (M+2xnx (p+1) +1) ,0] && NeQ[m,-1

Int[(g_*x_)™M_.x (d_+f_.*x_"n2_.) % (a_+b_.#x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
dx (gxX) A (m+1) * (A+b*X N+Cx*X* (2xn) )~ (p+1) / (a*gx (m+1)) /;
FreeQ[{a,b,c,d,f,g,m,n,p},x| && EqQ[n2,2+n] & EqQ[m+n« (p+1)+1,0] & EqQ[cxd+a+f,0] & NeQ[m,-1]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

4: J(dx)qu[x] (a+bx"+cx*")Pdx whenb®-4ac=0 A p¢z

Derivation: Piecewise constant extraction

(a+b x"+c x2")”

. 2 - __
Basis: If b -4 a c == 0, then oy b2cxmze O
FracPart[p]
. 2 B (a+bx"+cx2")” (a+b x"+c x2")
BaSIS' lf b -4ac-= e’ then (b+2 ¢ Xn>2p o <4C)IntPar‘tjp} (b+2 c Xn)ZFracPar‘t[p]
Rule:If b2-4ac =0 A p ¢ Z,then
FracPart[p]

(a+bx"+cx?")

J(dx)qu[x] (a+bx"+cx2n)Pd1x — (dx)"‘Pq[x] (b+2cx")2pdlx

(4 C) IntPart([p] (b +2cC Xn) 2 FracPart[p]

Program code:

Int[(d_.*x_)"m_.xPq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
(a+bxx~n+c*x”" (2xn) ) *FracPart [p] / ( (4xc) *IntPart[p] * (b+2xc*x”n) " (2xFracPart[p]) ) *Int[ (d*x) *mxPqx (b+2*xcxx*n)* (2xp) ,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] && PolyQ[Pq,x] && EqQ[b”2-4xaxc,0] && Not[IntegerQ[2xp]]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

5. j(dx)'“Pq[x"] (a+bx"+cx*")?dx when b>-4ac#0 A ml ez
n

1: meq[x"] (a+bx"+cx2")pd1x whenb?-4ac#0 A m;lez

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n

n

Note:If nez A m;1 € Z,thenm € Z,and (d x)™automatically evaluates to d™ x™.

Rule:lf b2-4ac+0 A ™ c7 then

n

Jmeq[x"] (a+bx"+cx*")Pdx — lSubstU- 1 Pa[x] (a+bx+cx?)?dx, x, x"]
n

Program code:
Int[x_"m_.*xPq_=(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

1/n+Subst[Int[x~ (Simplify[ (m+1) /n]-1) «SubstFor [x"n,Pq,X] * (a+bxx+cxx"2)*p,x],x,x*n] /;
FreeQ[{a,b,c,m,n,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”2-4xaxc,0] && IntegerQ[Simpli-Fy[(m+1)/n]]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: J(dx)'“Pq[x“] (a+bx"+cx*")Pdx whenb?>-4ac#0 A ™ ez
n

Derivation: Piecewise constant extraction

Basis: o, @ o

Rule:If b2-4ac+0 A m;1 e 7,then

(dx)"

Xm

J-(dx)mpq[xn] (a+bx"+cx*")Pdx — Jmeq[x"] (a+bx"+cx*")Pdx

Program code:

Int[(d_*»x_)"m_.*xPq_=*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
(d*x) *m/x*mxInt [ X m*Pg* (a+bx*x*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] && EqQ[n2,2xn] && PolyQ[Pg,x"n] && NeQ[b”2-4xaxc,0] && IntegerQ[Simplify[(m+1)/n]]

6: j(dx)“‘Pq[x] (a+bx"+cx*")?dx whenPg[x, 0] =0

Derivation: Algebraic simplification
Rule: If Pq[x, @] == 0,then

1
J(d X)"Pg[x] (a+bx"+cx*")Pdx — = j(d x)™* PolynomialQuotient [Pq[x], X, x] (a+bx"+cx*")Pdx
d

Program code:

Int[(d_.*x_)"m_.*Pq_=(a_+b_.*X_"n_.+C_.*Xx_"n2_.)"p_,x_Symbol] :=
1/d+Int[ (d+x)~ (m+1) xPolynomialQuotient [Pq,X,X]  (a+b*x n+cxx” (2xn))~p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] & PolyQ[Pq,x] && EqQ[Coeff[Pq,x,0],0]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

(dx)" (e+ Fx"2+gx>"2+hx2")
j pym dx whenb?-4ac=0 A2m-n+2==0 A ce+ah=0

(a+bx"+cx2")

m (e+fx"/2+gx3"/2+hx2")

x
1:J dx whenb?-4ac=0 A 2m-n+2=0 A ce+ah=0
(a+bx"+cx2")3/2

Rule:If b2-4ac=0 A2m-n+2=-0 A ce+ah == 90,then

Jx’" (e+ Fx"2+gx3™2 4+ hx2") 2c (bf-2ag)+2h(b’-4ac)x"*+2c (2cf-bg)x"
dx — -

(a+bx"+cx2")3/2 cn(b2—4ac)\/a+bx"+cx2n

Program code:

Int[x_"m_.x(e_+f_.#X_"q_.+g_.*X_"r_.+h_.#x_"s_.)/(a_+b_.*x_"n_.+c_.#x_"n2_.)"(3/2) ,x_Symbol] :=

- (Z*C* (b*'F—Z*a*g) +2xh* (b*2-4%xaxc) *x*(n/2) +2xC* (2*c*f-b*g) *x"n)/(c*n* (b*2-4xaxc) xSqrt[a+bxx*n+cxx” (2xn)]) /;
FreeQ[{a,b,c,e,f,g,h,m,n},x]| && EqQ[n2,2«n] & EqQ[q,n/2] && EqQ[r,3xn/2] && EqQ[s,2xn] &&

NeQ[b”2-4xaxc,0] && EqQ[2xm-n+2,0] && EqQ[cxe+axh,0]

(dx)" (e+ Fx"2+gx3"2 4+ hx2"
:J dx whenb?-4ac=0 A 2m-n+2==0 A ce+ah=0

(a+bx"+cx2")3/2

Rule:If b2-4ac=0 A2m-n+2=20 A ce+ah == 90,then

m (e+‘FXn/2+gX3n/2+hX2n)
dx

dx —
3/2
J (a+bx"+cx2") / x"

(dx)" (e+Fx"2+gx3"2+hx2") (dX)mJX
(a+bx“+cx2")3/2

Program code:

Int [ (d_»x_)"m_.x (e_+f_.*X_"q_.+g_.*X_"r_.+h_.«x_"s_.)/(a_+b_.*x_"n_.+c_.#x_"n2_.)"(3/2),x_Symbol] :=
(dxx) m/xmxInt [x m# (e+Fxx® (N/2) +g#X" ((3%n) /2) +hxx” (24n) ) / (a+bxx"n+cxx (2+n) )~ (3/2) ,x] /;

FreeQ[{a,b,c,d,e,f,g,h,m,n},x] && EqQ[n2,2+n] && EqQ[q,n/2] && EqQ[r,3xn/2] && EqQ[s,2#n] &&
NeQ[b”2-4xaxc,0] &&% EqQ[2xm-n+2,0] && EqQ[cxe+axh,0]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

8. j(dx)'“Pq[x] (a+bx"+cx*")Pdx whenb?-4ac#8 Anez
1. J(dx)qu[x] (a+bx"+cx?")?dx whenb®>-4ac#0 A nez*

10 [X"Pq[x] (a+bx"+cx*")Pdx whenb?>-4ac#0 Anez*Ap<-1Amez"

Derivation: Algebraic expansion and trinomial recurrence 2b applied n -1 times

Rule:lIf b2-4ac O AnNeZ" A <-1Amez, let .., [x] = PolynomialQuotient [x" P, [x], a + bx" + c x2", x] and
p q q

Rzn-1[X] = PolynomialRemainder [x" Pq[x], a+bx"+cX*", x|, then

J.x'“Pq[x] (a+bx"+cx*")Pdx —

JRZn-1[X] (a+bx"+cx2")de+jQq_2n[x] (a+bx"+CX2n)p*1le —

_[[x (a+bx"+cx2n)P+1 (((b*-2ac) Ryna[x, i] ~abRyna[X, n+i])xi+c (bRan-1[X, i] -2a@Ryn1[X, n+1i]) x"*i)]/(an (p+1) (b*-4ac))|+
ice

1

X" (a+bx"+cx?")Pt [an(P+1) b*-4ac) x™"Qq2nlX] +
an (p+1) (b2—4ac)J ( ) ( ) 9-2

> (((b2 (n(p+1) +i+1) -2ac(2n(p+1) +i+1))Rypa[x, i] -ab (i+1) Ryna[X, n+i])xi""+
s

1

c(n(2p+3) +i+1) (bRyga[X, i] -2aRyna[x, n+i]) x™4") | dx

Program code:



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

Int[x_~m_xPq_=* (a_+b_.*x_"n_+c_.*x_"n2_)"p_,x_Symbol] :=
Module [ {q=Expon[Pq,X]},
Module [ {Q=PolynomialQuotient [a* (bxcC)~ (Floor[(q-1)/n]+1) *x mxPq,a+bxx"n+c+x” (2xn),x],
R=Polynomia1Remainder[a*(b*c)A(Floor[(q—1)/n]+1)*xAm*Pq,a+b*xAn+c*xA(2*n),x],i},
-X#* (a+bxx*n+cxx” (2xn) ) A (p+1) / (a”2xn* (p+1) * (b*2-4xaxc) x (bxc)~ (Floor[ (q-1) /n]+1)) *
Sum[ ( (b"2-2xaxc) xCoeff [R,x,i]-axbxCoeff[R,x,n+i])*x i+
cx (bxCoeff[R,x,i]-2+axCoeff [R,x,n+i])»x*(n+i),{i,0,n-1}] +
1/(a*n*(p+1)*(bA2—4*a*c)*(b*c)A(Floor[(q—1)/n]+1))*Int[xAm*(a+b*xAn+c*xA(2*n))A(p+1)*
ExpandToSum[nx (p+1) » (b*2-4xa%c) xXx" (-m) »Q+
Sum[ ( (b"Z* (n* (p+1) +i+1)/a—2*c* (Z*n* (p+1) +i+1) ) »Coeff [R,X,i] -bx* (i+1) *Coeff [R,X,n+i] ) *XA (i—m) +
Cx (n* (2xp+3) +i+1)  (b/axCoeff [R,x,i]-2xCoeff[R,x,n+i]) #x* (n+i-m),{i,0,n-1}],x],x]] /;
GeQ[q,2xn]] /;
FreeQ[{a,b,c},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”*2-4xaxc,0] &% IGtQ[n,0] &% LtQ[p,-1] && ILtQ[m,0]

2. J(dx)’"Pq[x”] (a+bx"+cx*")?dx whenb?-4ac#0@ A nez*

1: | X"Pg[x"] (a+bx"+cx*")Pdx whenb?-4ac#@ Anez*AmezZ A GCD[m+1, n] #1

Derivation: Integration by substitution

Basis:If neZ Amez,letg=GCD[m+ 1, n],thenxFx"] = iSubst[x%'lF[xrg‘_], X, XE] 9, xE

Rule:if b>-4ac+0@ Anez"Amezletg=GCD[m+1, n],ifg + 1,then

Jxm Pa[x"] (a+bx"+cx*")Pdx — 1Subst[J‘x%'1 Pq [x%] (a+bx§+cx%)pdx, X, xg]
g

Program code:

Int[x_"m_.xPq_x(a_+b_.*x_"n_+c_.*x_"n2_)"p_,x_Symbol] :=

With[{g=GCD[m+1,n]},

1/g*Subst [Int [x” ( (m+1) /g-1) xReplaceAll [Pq,x-»>x" (1/g)]1* (a+bxXx”(n/g) +c*xx” (2xn/g) ) *p,X],X, X g] /;
NeQ[g,111 /;
FreeQ[{a,b,c,p},x] && EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”*2-4xaxc,0] &% IGtQ[n,0] & IntegerQ[m]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

dx when b’ -4ac#@ A nez* A NiceSqrtQ[b®>-4ac]

). J- (dx)"Pq [x"]

a+bx"+cx?"

Derivation: Algebraic expansion

Rule:lf b2-4ac+0@ Anez" A NiceSqr‘tQ[bZ—4ac],then

(dx)"Pq[x"]

j (dx)"Pg[x"]

dx — ExpandIntegr‘and[ x] dx
a+bx"+cx?"

a+bx"+cx2n’
Program code:
Int[(d_.*x_)"m_.%Pq_/ (a_+b_.*x_"n_.+c_.*x_"n2_),x_Symbol] :=

Int [ExpandIntegrand[ (d+x) *m%xPq/ (a+bx*x*n+cxx” (2xn)) ,x],x] /;
FreeQ[{a,b,c,d,m},x] & EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”"2-4xaxc,0] &% IGtQ[n,0] && NiceSqrtQ[b"2-4xaxc]

3: J(dx)qu[x"] (a+bx"+cx*")Pdx whenb®-4ac#@ Anez*Aqz2n Am+q+2np+1#80

Reference: G&R 2.160.3
Derivation: Trinomial recurrence 3awithA =9,B=1andm=m-n

Reference: G&R 2.104

Note: This special case of the Ostrogradskiy-Hermite integration method reduces the degree of the polynomial in the
resulting integrand.

Rule:lf b>-4ac+@ Anez"Ag=2nAm+g+2np+1+0,then

J(dx)“‘Pq[x“] (a+bx"+cx®")Pdx —

P
J.(dx)'" (Pq[x"] - Pqlx, q1 x¥) (a+bx"+cx*")Pdx + %j(dx)’"+q (a+bx"+cx*")Pdx —



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

Pq[Xx, q] (dx) m+q-2n+1 (a +bx"+c in)p+1

+

cdi 2™l miq+2np+1)
PalX; q] (a(M+q-2n+1) x32"+b (m+q+n (p-1) +1) x™")

J(dx)’“[Pq[x"]—Pq[x, q] x9 - (a+bx"+cx?")Pdx

c(m+q+2np+1)

Program code:

Int[(d_.*x_)"m_.*Pq_x (a_+b_.*x_"n_.+c_.*x_"n2_)"p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
Pgqg#* (d*x) * (Mm+q-2%n+1) * (a+bxXx*n+c*x” (2xn) ) * (p+1) / (c*d”™ (q-2%n+1) * (M+g+2xn*p+1)) +
Int[ (dxx) “mxExpandToSum[Pq-Pqq*x"q-Pqq* (a* (m+q-2%n+1) *x”* (q-2*n) +bx (m+q+n* (p-1) +1) *x* (q-n) ) / (C* (Mm+g+2*xnxp+1)) ,x] *
(a+bxx"n+cxx” (2xn)) ~p,x1] /;
GeQ[q,2*xn] && NeQ[m+q+2xn*xp+1,0] && (IntegerQ[2xp] || EqQ[n,1] &% IntegerQ[4xp] || IntegerQ[p+(q+1)/(2*n)])] /3
FreeQ[{a,b,c,d,m,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0]

10



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p 11

3: J-(dx)"‘Pq[x] (a+bx"+cx*")?dx whenb®-4ac#@ A nez* A ~PolynomialQ[Pq[x], X"]

Derivation: Algebraic expansion
Basis: If n € Z* , then pq(x] = 3533 (%5 /™ Pg[x, j +kn] x
Note: This rule transform integrand into a sum of terms of the form (@x)*q.[x"] (a+bx"+cx2")®.

Rule:If b2-4ac+#0 A nez"A - PolynomialQ[Pq[Xx], X"],then

a1 ((@-3)/ns1

j(dx)“‘Pq[x] (a+bx"+cx*")Pdx — JE— (d x) ™3 [ j Pq[X, 3+kn] x*"| (a+bx"+cx*")?dx
£ 4
j=0

k=0

Program code:

Int[(d_.*x_)"m_.*Pq_x (a_+b_.xx_"n_+c_.xx_"n2_)"p_,x_Symbol] :=

Module [ {q=Expon[Pq,x],3j,k},

Int[Sum[1/d"j (dx)~ (m+]) «Sum[Coeff [Pq,x,j+kxn]»x” (kxn),{k,0, (q-3) /n+1}]+ (a+bsx n+cxx” (2xn))~p, {j,0,n-1}],x]] /;
FreeQ[{a,b,c,d,m,p},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] && IGtQ[n,0] && Not[PolyQ[Pq,x"n]]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

(dx)™ Pq [X] N
4: J d]xwhenb-4ac¢a/\nez+
a+bx"+cx?

Derivation: Algebraic expansion
Rule:lf b2-4ac +0 A nezt, then

J (d x)™Pq[x]

dx — RationalFunctionExpand[
a+bx"+cx?"

Program code:

Int[(d_.*x_)"m_.*Pq_/ (a_+b_.*x_"n_.+c_.*x_"n2_.),x_Symbol] :=

Int[RationalFunctionExpand[ (d+X) "mxPq/ (a+bxx n+cxx*(2xn)),x],x] /;

FreeQ[{a,b,c,d,m},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b"2-4xaxc,0] && IGtQ[n,0]

(dx)"Pq[x]

a+bx"+cx?"

x] dx

12



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2. J(dx)'“Pq[x] (a+bx"+cx*")Pdx when b?-4ac#6 A nez"
1. J(dx)qu[x] (a+bx"+cx?")Pdx whenb?>-4ac#@ Anez A meQ

10 |X"Pg[x] (a+bx"+cx’")Pdx whenb’>-4ac#8 Anez Amez

Derivation: Integration by substitution

Basis: F [x] == —Subst{ﬂX—;L, X,
X

X |=

Ox

X =

Note: xap,[x*] is @ polynomial in x.

Rule:If b>-4ac+0© Anez A meZz,then

xIPg[x*] (a+bx"+cx2")P 1]
dx, x, —

X"Pq[x] (a+bx"+cx*")Pdx — —Subst[
xm+q+2 X

Program code:

Int[x_"m_.xPq_x(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

With[{q=Expon[Pq,Xx]},

-Subst [Int [ExpandToSum[x~qxReplaceAll [Pq,Xx—>Xx" (-1) ],X] * (a+b*X” (-n) +c*X” (-2%n) ) *p/x” (M+q+2) ,x],X,1/x]1] /;
FreeQ[{a,b,c,p},x] &% EqQ[n2,2xn] &&% PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] && ILtQ[n,0] && IntegerQ[m]

13



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: j(dx)qu[x] (a+bx"+cx*")Pdx whenb?>-4ac#@0 Anez AmeF

Derivation: Integration by substitution

Basis: If g > 1,then (dx)"F(x] = - Esubst[ A2l 114 2

xg(m+1)+1 2 (dx)l/g X (dx)l/g
Note: xsap,[d-* x¢] iS @ polynomial in x.

Rule:lf b2-4ac+0@ AnezZ A meF,letg = Denominator [m], then

XBAP,[d x 8] (a+bd™"xB"+cd2"x28")P

J(dx)’"Pq[x] (a+bx"+cx*")Pdx — _ESUbSt[J

Xg (m+q+1) +1

Program code:

Int[(d_.*x_)"m_.xPq_=(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{g=Denominator [m],q=Expon[Pq,x] },
-g/d*Subst [Int [ExpandToSum[x” (g*q) xReplaceAll [Pq,x—d" (-1) *x*(-g) ]1,X] *
(a+b*d” (-n) *x” (-g*n) +c*d” (-2%n) *X* (-2xg*n) ) *p/x* (g* (m+q+1) +1) ,x] ,x,1/ (d*x)*(1/8) ] ] /3
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% ILtQ[n,0@] && FractionQ[m]
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: J-(dx)"‘Pq[x] (a+bx"+cx*")Pdx whenb>-4ac#@0 Anez Am¢Q

Derivation: Piecewise constant extraction and integration by substitution

Basis: Oy ((dx)™ (x1)") =0

X =

Basis: F [X] == —Subst{ﬂi—zlL, X, 1| Ox

Note: xap,[x?] is a polynomial in x.

Rule:If b2-4ac+0 AneZ Amg¢Q,then

Pa[x] (a+bx"+cx*")P

J(d")m"qfxl (a+bx"+cx®)Pax — (dx)" (x‘l)mf (x?) dx
x )"
ap -1 bx™" -2n\P
— —(dx)" (X_l)mSUbSt[jx q[X ] (a+ X rex ) dx, X, l]
Xm+q+2 x

Program code:

Int[(d_.*x_)"m_xPq_=*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

With[ {q=Expon[Pq,Xx]},

- (d*x) *m* (X~ (-1) ) “m*Subst [Int [ExpandToSum[x"*q*xReplaceAll [Pq, x-»>Xx" (-1) ] ,X] * (a+b*X”" (-n) +C*X”* (-2%n) ) *p/x" (Mm+q+2) ,x],X,1/x]] /;
FreeQ[{a,b,c,d,m,p},x] & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b"2-4xaxc,@] & ILtQ[n,8] & Not[RationalQ[m] ]
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

9. J(dx)qu[x] (a+bx"+cx*")’Pdx when b>-4ac#@ A neF

10 [X"Pg[x] (a+bx"+cx*")Pdx whenb*-4ac#8 AneF

Derivation: Integration by substitution
Basis: If g € Z*, then xmp,[x] F[x"] = g Subst [x& ™1 -1p, [xE] F[xE"], x, x/8] 8, x!/
Rule:If b2-4ac+0 A neF,letg = Denominator[n],then

Jx’" Palx] (a+bx"+cx*")Pdx — gSubst[ng MD-1p[x8] (a+bxB"+cx?8")Pdx, x, xl/g]

Program code:

Int[x_"m_.xPq_=(a_+b_.*X_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=

With[{g=Denominator[n]},

g*Subst [Int [x" (g% (m+1) -1) xReplaceAll [Pq,X—»>X"g] * (a+b*X” (g*N) +C*X" (2xg*n) ) *p,Xx] ,X, X" (1/8) ] ] /8
FreeQ[{a,b,c,m,p},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% FractionQ[n]

2. j(dx)qu[x] (a+bx"+cx*")Pdx when b>-4ac#@ A neF
1. J(dx)qu[x] (a+bx"+cx?")Pdx whenb>-4ac#@ A neF A m—%ez

1: J(dx)”Pq[x] (a+bx"+cx*")Pdx whenb*-4ac#8 AneF A m+ %ez*

Derivation: Piecewise constant extraction

Basis: o, Y4x .. o
,\/_

X

Rule:if b>-4ac+0@ AneF Am+%ez*,then

16



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

X"Pg[x] (a+bx"+cx*")?dx

, d" 7 Vdx
(dx)"Pq[x] (a+bx"+cx*")Pdx — —J

X

Program code:

Int[ (d_*»x_)"m_%Pq_=*(a_+b_.*x_“~n_+c_.*x_"n2_.)"p_,x_Symbol] :=
d”® (m-1/2) *Sqrt [dxx] /Sqrt [x] *Int [x*mxPq* (a+b*x*n+c*x” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% FractionQ[n] && IGtQ[m+1/2,0]

2: J(dx)"‘Pq[x] (a+bx"+cx?*")?dx whenb?>-4ac#@ AneF A m- %EZ_

Derivation: Piecewise constant extraction

Basis: a, 22— -
—

dx

Rule:If b>-4ac+0@ AneF /\m—%eZ*,then

dm+; Vx

J(dx)qu[x] (a+bx"+cx*")Pdx —
Vdx

jx’“ Pa[x] (a+bx"+cx*")Pdx

Program code:

Int[ (d_*x_)"m_xPq_x (a_+b_.*x_"n_+c_.xx_"n2_.)"p_,x_Symbol] :=
d” (m+1/2) »Sqrt [x] /Sqrt [d*x] *Int [X"mxPq* (a+b*x*n+c*x”" (2%n) ) p,x] /;
FreeQ[{a,b,c,d,p},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] &% FractionQ[n] && ILtQ[m-1/2,0]



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: J-(dx)"‘Pq[x] (a+bx"+cx*")?dx when b>-4ac#@0 AneF

Derivation: Piecewise constant extraction
Basis: 5, 1"—>— =0

Rule:lf b2-4ac +0 A neF,then

(dx)"

X

j(dx)qu[x] (a+bx"+cx*")Pdx — Jxmpq[x] (a+bx"+cx2")Pdx

Program code:

Int[(d_*»x_)"m_%Pq_=*(a_+b_.*x_“~n_+c_.*x_"n2_.)"p_,x_Symbol] :=
(d%x) *m/x*mxInt [ x*mxPq* (a+b*x"n+c*x” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,m,p},x] && EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b”2-4xaxc,0] & FractionQ[n]
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p 19

10. j(dx)'“Pq[x"] (a+bx"+cx*")?dx when b>-4ac#0 A n:_1€Z

1: meq[x"] (a+bx"+cx2")pd1x whenb?-4ac#0 A — €z
m+1

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = t Subst[F[anT], X, x™1] g, xm

Rule:lf b2-4ac+0 A ﬁez

n n 2n
Jx'" Pa[x"] (a+bx"+cx*")Pdx — S,ubst[J‘Pq [xﬁ] (a+bxﬁ+cxﬁ)pd1x, X, Xm+1]
m+1

Program code:

1/ (m+1) »Subst [Int [ReplaceAll [SubstFor [x"n,Pq,X],x->x"Simplify[n/ (m+1)] ]+ (a+bxx"Simplify[n/ (m+1) ] +cx"Simplify[2«n/ (m+1)])"p,Xx],X,x" (m+1
FreeQ[{a,b,c,m,n,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”2-4xaxc,0] && IntegerQ[Simpli-Fy[n/(m+1)]] && Not[IntegerQ([n]]

Int[x_~m_.*Pq_= (a_+b_.*X_"n_+c_.*Xx_"n2_.)"p_,x_Symbol] :=



Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: J(dx)'“Pq[x"] (a+bx"+cx*")Pdx whenb?-4ac#0 A m"TleZ

Derivation: Piecewise constant extraction
Basis: 5, 1"—>— =0

Rule:lf b2-4ac +0 A - ¢ z,then
(dx)"

X"l

J-(dx)mpq[xn] (a+bx"+cx*")Pdx — Jmeq[x"] (a+bx"+cx*")Pdx

Program code:

Int[(d_*»x_)"m_%Pq_=*(a_+b_.*x_“~n_+c_.*x_"n2_.)"p_,x_Symbol] :=
(d%x) *m/x*mxInt [ x*mxPq* (a+b*x"n+c*x” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,m,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x"n] && NeQ[b”2-4xaxc,0] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ([n]]
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

11. J(dx)qu[x] (a+bx"+cx*")Pdx whenb?-4ac#6 A pez"

(dx) ™ Pq[x]
1: j 1 dlxwhenb2—4ac¢0
a+bx"+cx?

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

e _ 4 -1 __2c _ 1 @ 2c __ 1
Basis: Letq = \/b* -4 ac thena bz+cz? g b-g+2cz q b+g+2cz
]
Rule:If b2-4ac +0,letq=+/b2-4ac,then

J-(dx)qu[X] a dx)" Pq[X] X_z_cJ-(dx)qu[x]
q

x—>— dx

a+bx"+cx?" q b-q+2cx" b+q+2cx"

Program code:

Int[(d_.*x_)"m_.*Pq_/(a_+b_.*x_"n_.+c_.*x_"n2_.),x_Symbol] :=
With[{q=Rt[b*2-4xaxc,2]},
2xc/q+Int[ (d*x) *mxPq/ (b-q+2xc*xx”n) ,x] -
2xc/q*Int[ (d*x) *mxPq/ (b+q+2xcxx*n) ,x]1] /;

FreeQ[{a,b,c,d,m,n},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && NeQ[b*2-4xaxc,0]
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

2: J(dx)'“Pq[x] (a+bx"+cx*")Pdx whenpez"

Derivation: Algebraic expansion

Rule: If p € z7, then

j(dx)qu[x] (a+bx"+cx*")Pdx — JExpandIntegrand[(dx)’"Pq[x] (a+bx"+cx*")?, x] dx

Program code:

Int[(d_.*x_)"m_.xPq_x(a_+b_.*x_"n_.+c_.*x_"n2_.)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (d*x) “mxPq* (a+bxx*n+cxx” (2xn) ) *p,x],x] /;
FreeQ[{a,b,c,d,m,n},x] & & EqQ[n2,2xn] && PolyQ[Pq,x] && ILtQ[p+1,0]

X: J(dx)"‘Pq[x] (a+bx"+cx?")Pdx

Rule:

j(dx)qu[x] (a+bX"+cx2")pdlx — J(dx)'"Pq[x] (a+bx"+cx2")”d1x

Program code:

Int[(d_.*x_)"m_.*Pq_=(a_+b_.*X_"n_.+C_.*x_"n2_.)"p_.,x_Symbol] :=
Unintegrable[ (d*x) *mxPg* (a+bxx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,m,n,p},x] & EqQ[n2,2xn] & (PolyQ[Pq,x] || PolyQ[Pq,x"n])
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Rules for integrands of the form (d x)~"m Pq(x) (a+b x~n+c x~(2 n))"p

S: Juqu[v"] (a+bv"+cv?")Pdx whenv=f+gx Au=hv

Derivation: Integration by substitution and piecewise constant extraction
Basis: If u = hv,then o, & =@

Rule:lif v==Ff +gx A u-=hv,then

m

Ju’“ Pa[v"] (a+bVv"+cv?")Pdx — Subst[Jx"‘ Pa[x"] (a+bx"+cx?*")Pdx, x, v]

m

gV

Program code:

Int[u_”m_.+Pq_=(a_+b_.*v_"n_+c_.*v_"n2_.)"p_.,x_Symbol] :=
u"m/(Coe'Fficient [V,X,1] *v"m) *Subst [Int [x*mxSubstFor [v,Pq,Xx] * (a+b*x*n+c*Xx”" (2%n) ) *p,x],X,V] /;
FreeQ[{a,b,c,m,n,p},x] & EqQ[n2,2xn] && LinearPairQ[u,v,x] && PolyQ[Pqg,v~n]
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